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I. INTRODUCTION AND REMARKS 
In the previous paper [l] an invariant imbedding equation for transport 
in a sphere has been rigorously derived (Eq. (6.10)). A comparison of this 
result with one previously obtained by elementary physical arguments (see 
[2, 31) reveals a hitherto unsuspected term: 
It is clear that the “particle-counting” methods used in past derivations must 
therefore have been in error. It is the purpose of this note to reveal the basis 
of this difficulty and to show how the particle-counting technique, when 
more carefully applied, also gives rise to the term (1.1). 
The source of the trouble is seen to be a strictly geometrical effect. A term 
similar to (1.1) will also arise in treating cylindrical geometries [2, 3, 41. No 
such correction is to be expected in the rod or slab case. The discovery of 
this extra term shows clearly that complex invariant imbedding studies are 
best made using perturbation analyses [4, 51 or some modification such as 
that employed in [I]. Particle-counting, though appealing physically, can 
obviously lead to error in complicated cases. While this error is illuminated 
and removed by the work of the present paper, such retrospective arguments 
are of only slight consolation if one has put considerable effort and perhaps 
large amounts of computing time into the study of an originally incorrect 
formulation. 
* This work was performed under the auspices of the United States Atomic Energy 
Commission. 
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II. DERIVATION OF THE EQUATION 
We start, as usual, by considering two concentric spheres of radius x and 
.x - A. Define 
Q(x, p, p,,) = expected density of particles emergent per 
second per unit area on the sphere of radius x 
in state TV due to an input of one particle per 
unit area on that sphere in state p0 . (2-l) 
Here p = cos 8, where 0 is the angle between the particle direction and the 
positive radial direction. The state p0 is defined similarly. Hence 0 < TV < 1 
and - 1 < p0 < 0. The standard particle counting argument consists of an 
attempt to relate Q at x to Q at x - A by accounting in detail for the elemen- 
tary collision processes which occur in the shell between the two spheres. 
Some past familiarity with this technique reveals that the anomalous term 
under discussion (Eq. (1.1)) can only have arisen from an incorrect handling 
of those incoming particles which pass thru the spherical shell without 
collision and which give rise to progeny in the smaller sphere which them- 
selves pass thru the shell without collision and emerge at X. We therefore 
start by concentrating upon this contribution. 
To help clarify matters we deal only indirectly with Q and fix attention 
upon its most important property. Let 
f(x, p,,) = density of particles impinging per second per 
unit area on a sphere of radius x in state CL,-, . (2.2) 
Thusf is a “source strength.” The number of particles emergent per second 
from the whole sphere in states between CL’ and ,u” due to that part of the 
source between CL;) and TV: is given by 
Consider now those particles in state CL,, which pass through the spherical 
shell from x to x - d without collision. The probability of this happening 
is [l - (cd// CL,, I)]. (We shall omit the term o(d) for convenience in writing.) 
Our first impulse is to say that the smaller sphere then “sees” a new source 
of [l - (ad/j CL,, /)]f(x, pO) particles. This is incorrect. The effect of the 
“geometrical convergence” is to change the form off itself. We shall write 
the new source simply as [I - (00/l CL,, ])]f(x - A, p,,) and avoid, for the 
moment, the problem of determining the relationship between f(x - A, p,,) 
and f(x, PJ- 
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Further, these particles do not enter the smaller sphere in states between 
&, and p:. There is a deterministic change in state resulting from the way the 
state is described (see [2,4]). A particle in state pO at x which proceeds to 
x - d without collision is then moving in state 
~0 - A 2 + o(A). 
Thus the beam of particles under discussion enters the sphere of radius 
x - A in the state interval 
(Again we ignore o(A) terms.) 
We hence compute that the total expected density of particles per second 
in state ~1 from the entire smaller sphere is 
I=477(X- cw 
Now consider those particles of I which make no collisions in going through 
the spherical shell. There are Cl - (ad/p)] I such. However, only those 
particles emergent from the smaller sphere in the state interval 
contribute to those emergent from the larger sphere in the interval 
P’ < p < p”. 
Therefore the total expected number of particles contributed per second 
in this fashion to the flux from the sphere of radius x is 
4x(x - A)2 i”; (1 - $) dh I;~(x - A, s) (1 - 6) Q(x - A, X, s) ds.(2 *) 
. 
Let us now specializef: 
m PO) = Sk0 - PI), - 1 < p1 < 0. (2.9) 
Particles which enter the sphere of radius x in state p1 and suffer no coIlisions 
in the spherical shell are moving at x - A in state 
j+&-A1. 
PlX 
(2.10) 
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Further, the total sphere area on which these particles can impinge is 
reduced-this is the spherical convergence effect. More particles must 
impinge per unit area on the smaller sphere than impinge per unit area on 
the larger one. Specifically, 
J-(x-A,&= 47rx2 s[p.-(p+lq] 
4+x - A)2 PlX 
We may thus write, in place of (2.3), 
and, in place of (2.8), 
(2.11) 
(2.12) 
In writing (2.12) and (2.13) we have assumed &, < tar < F,,. 
All of the other physical possibilities in the particle-counting procedure 
involve one or more particle collisions in the spherical shell between x - d 
and x. Hence these processes all contribute terms of order at least d. We 
write them without further discussion and obtain 
45rxB 1”’ Q(x, A, pl) dh = 4?rx* I”e(x - A, h, ,Zl) dh 
P’ P 
+ hx2A ( dw I- 0 (& + A) Sk w, ~1) + + 
+ 7 ,: Q(x, A, PI) $ + $$- s”, Q(x, w, s) ds 
+ v /: Q@, S 14 T ,“, &(X8 Wu, 3) dj -I- O(A). (2-w 
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Now differentiate (2.14) with respect to p”, and recall the meaning of 
p and j& (Eqs. (2.7) and (2.10)): 
Q(x, /A", pl) = Q (x - d, p" - d s , p1 - d 9) 
Finally, divide by A, let d ---f 0, replace CL” by TV and pI by pFLo and obtain 
Equation (2.16) is precisely the equation that would appear in [I] if one 
included the singular part of the flux and wrote 
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